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In the context of process industries, outlying observations mostly represent a large random error resulting from irregular
process disturbances, instrument failures, or transmission problems. Statistical analysis of process data contaminated with
outliers may lead to biased parameter estimation and plant-model mismatch. The problem of process identification in the
presence of outliers has received great attention and a wide variety of outlier identification approaches have been
proposed. However, there is a great need to seek for more general solutions and a robust framework to deal with different
types of outliers. The main objective of this work is to formulate and solve the robust process identification problem under a
Bayesian framework. The proposed solution strategy not only yields maximum a posteriori estimates of model parameters
but also provides hyperparameters that determine data quality as well as prior distribution of model parameters.
Identification of a simulated continuous fermentation reactor is considered to show the effectiveness and robustness of the
proposed Bayesian framework. The advantages of the method are further illustrated through an experimental case study of
a pilot-scale continuous stirred tank heater. VVC 2012 American Institute of Chemical Engineers AIChE J, 59: 845–859, 2013
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Introduction

Reliable process models are key requirements for investi-
gating the behavior of industrial processes. Such descriptive
models can help to improve process productivity, achieve
safety of operation, and develop tight control policies.1

Depending on the level of a priori knowledge, different
strategies have been proposed in the literature to model
chemical processes. Traditionally, knowledge-driven models
are developed on the basis of first principles analysis, which
requires complete understanding of underlying mecha-
nisms.2–4 Not surprisingly, development of first principle
models can often be prohibitively difficult and time-consum-
ing due to the complexity of industrial processes. Therefore,
decades of research have been devoted to develope empirical
process models without complete a priori knowledge of the
internal mechanisms governing the process dynamics. The
empirical models are usually constructed based on the
limited process knowledge as well as the great amount of
historical data acquired for monitoring purposes.5,6 In the
context of process industries, various data-driven model
structures can be used to describe the behavior of unit opera-
tions. Owing to the capability of autoregressive with exoge-
nous (ARX) input models in approximating complex linear
dynamic systems, ARX model structure is commonly
adopted in industrial applications.1 Regardless of the model
structure selected, the procedures applied to identify empiri-
cal process models are often highly sensitive to the quality

of identification data, that is, the varying quality of process
data can greatly deteriorate the performance of data-driven
identification methods.

Outlying measurements, also called ‘‘outliers’’, are one of
the common factors that may affect the quality of opera-
tional and laboratory data.7–9 Outliers are observations which
appear to deviate markedly from the typical ranges of other
observations.10 The outliers in operational data mostly repre-
sent a random error caused by such issues as process distur-
bances, instrument degradation, and transmission prob-
lems.11,12 Moreover, the outlying laboratory measurements
may be generated due to potential human errors that may
occur in collecting samples, conducting experiments, and re-
cording results. Statistical analysis of process data contami-
nated with outliers may lead to biased parameter estimation
and plant-model mismatch. Therefore, the problem of pro-
cess model identification in the presence of outliers has
received great attention during the last two decades and a
wide variety of so-called outlier identification approaches
have been proposed.13,14 As pointed out by Kadlec et al.,6

however, this issue is currently solved in a rather ad hoc
manner, which leads to unnecessarily high costs of the pro-
cess model identification. Therefore, there is a great need to
seek for more advanced and more general solutions.

In principle, Bayesian formulation of empirical models
suggests a general solution for many types of systems
including linear and nonlinear systems, in the presence of
Gaussian or non-Gaussian disturbances, with or without con-
straints, and in dealing with regular or irregular data sam-
ples. The main contribution of this work is to formulate and
solve the ARX model identification problem in the presence
of outliers under a robust Bayesian framework consisting of
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consecutive levels of optimization. First, we adopt a conta-
minated distribution to describe the observed data and intro-
duce a set of indicator variables to denote the quality of
each data point. Next, we propose a unified objective func-
tion for model identification in the presence of outliers. The
resulting optimization problem is hierarchically decomposed
and a layered optimization strategy is implemented. To
obtain explicit solutions, we adopt an iterative hierarchical
Bayesian approach through which the solutions obtained in
subsequent layers of optimization are coordinated. The pro-
posed optimization strategy not only yields maximum a pos-
teriori (MAP) estimates of model parameters but also pro-
vides an automated mechanism for determining the hyper-
parameters and for investigating the quality of each
observation. Moreover, the developed framework allows us
to incorporate the prior knowledge of the noise distribution
and to include the relevant information contained in identifi-
cation data. As a result, restrictive assumptions made in tra-
ditional robust methods about contaminating distributions
(e.g., symmetric noise distribution) can be relaxed. Also,
note that the identification procedures used in classical statis-
tical estimation techniques often result in a set of single-val-
ued parameter estimates. In contrast, the full Bayesian model
identification results in posterior distributions over parame-
ters to reveal how uncertain the estimated values would be.9

More importantly, the Bayesian inference at a particular
level takes into account the uncertainty in the estimates of
the previous level. This is a great feature that allows us to
link different levels of Bayesian inference together and, con-
sequently, interconnect the solutions obtained in subsequent
layers of optimization.

The remainder of this article is organized as follows. A
brief overview of the existing outlier identification techni-
ques is presented. The problem of ARX model identification
in the presence of outliers is discussed. Our proposed objec-
tive function resulting in the consecutive layers of optimiza-
tion is described. The idea of hierarchical Bayesian inference
approach adopted to solve the layered optimization problem
is explained. The most common outlier models are intro-
duced. The problem of ARX model parameter estimation is
formulated in a unified Bayesian framework and the details
of the identification procedure are presented. The application
of the developed framework is demonstrated on numerical
simulation and experimental examples. These case studies
will show robustness of the proposed parameter estimation
method in the presence of outliers, which is an attractive
feature for applying the proposed method to real world prob-
lems. Finally, this article is summarized with the concluding
remarks.

An Overview of the Existing Outlier Identification
Methods

Outlier identification constitutes an essential prerequisite
for identification of process models and thus several outlier
handling approaches have been developed in the past few
decades. As the focus of this article is on the Bayesian meth-
ods, we limit our literature review to the most common ‘‘sta-
tistical’’ approaches. A comprehensive review of the outlier
detection problem and several outlier detection algorithms is
given by Hodge and Austin,13 Kadlec et al.,6 and Chandola
et al.14

Statistical analysis of residuals described in Fortuna et al.1

is one of the common outlier detection approaches. This is

based on the use of a regression model between dependent
and independent variables. First, the least-square method is
applied to obtain an estimation of model parameters for nor-
mal operating condition. Outliers can then be detected if the
model residuals of new data (ri) lie outside a specified confi-
dence interval. As outliers can significantly deteriorate least-
squares solutions, robust regression can be applied to handle
them while fitting regression models. In general, robust
regression methods are designed to iteratively downweight
the influence of outliers. The most common robust regression
analysis is performed with M (Maximum likelihood) estima-
tors, introduced by Huber.15 The general M-estimator mini-
mizes the objective function

P
n
i q(ri), where the function q

gives the contribution of each residual to the objective func-
tion (e.g., for least-squares estimation q(ri) ¼ r2

i ). Differenti-
ating the objective function with respect to the parameters
and setting the partial derivatives to 0, the estimating equa-
tions may be written as

P
n
i wiriXi ¼ 0, where the robustness

weight assigned to the ith observation, wi ¼ w(ri), is
obtained from the weight function defined as w(r) ¼ q0/r.
For instance, the robustness weights in the Huber robust
regression technique are determined using the Huber weight-
ing function, that is

wi ¼
�

max
�

1;
�� ri
c� s

�����1

(1)

where ri is the residual calculated from the previous iteration, c
is the tuning constant, and s ¼ MAD

0:6745
is an estimate of the

standard deviation of the error term.
Several solutions have been proposed for solving the out-

lier detection problem by estimating a probability density of

the normal data. For instance, in Bishop16 the density distri-

bution of the input space is first estimated by a standard Par-

zen window approach with Gaussian kernel functions. Next,

a suitable threshold is specified based on the identification

dataset which is known to be representative of normal data.

The new observation is then flagged as an outlier, if the

value of the density function is above the threshold. Yu17

proposes a Bayesian approach to first estimate the posterior

probabilities of all samples within the model input space and

specify appropriate confidence levels. A calibration proce-

dure is then followed to correct the observations identified as

outliers. An alternative approach for probability density esti-

mation is to model normal instances as a mixture of para-

metric distributions. Bishop16 and Agarwal18 use Gaussian

mixture models for such techniques. In Ritter and Galle-

gos,19 both normal instances and outliers are modeled as

separate parametric distributions. First, the ellipsoidal multi-

variate trimming20 technique is used to detect outliers and to

estimate distribution parameters of both outliers and regular

observations. Next, a Bayesian classifier is designed to com-

pare certain linear combinations of posterior densities of

each data vector with respect to the estimated distributions.

Several variations of Bayesian classification technique have

further been proposed by Varbanov,21 Ghosh-Dastidar and

Schafer,22 Das and Schneider,23 and many others.
In this research, we take a hierarchical Bayesian approach

to address the problem of model identification in the pres-
ence of outliers. We develop a robust Bayesian inference
framework consisting of three consecutive steps: (1) Given
an identification dataset, the posterior probability of each ob-
servation acting as an outlier is evaluated; a set of indicator
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variables is specified to denote the identity of each data
point. (2) The hyperparameters are then estimated by solving
an optimization problem that maximizes the posterior proba-
bility distribution of hyperparameters conditional on the indi-
cator variables. (3) Given current estimates of hyperpara-
meters and indicator variables, the posterior probability dis-
tribution of model parameters is maximized to obtain MAP
estimates. These three steps will be repeated until the esti-
mates change within a given tolerance.

Problem Statement

In the identification of an empirical model, the overall
objective is to find a model that best fits the identification
dataset, D ¼ {(ri,yi)}

N
i¼1. Bayesian models are a compact

way to represent probabilistic relationships between a set of
random variables in a system. Before going into details of
how to learn Bayesian models, we need a more detailed defi-
nition of what the model includes. A model is defined by its
functional form, f, and a set of parameters, H. Let us con-
sider a general form of a nonlinear model

yt ¼ f ðrt;HÞ þ et (2)

where yt [ R is the output, rt [ Rp is the regressor constructed
from past inputs and outputs, and et is the noise/error term.

Suppose et is modeled as zero-mean Gaussian noise with
constant standard deviation re. Given the model structure,
M, and the model parameters, H, the likelihood of the data
can be expressed as

PðDjH; f;MÞ ¼
� f

2p

�N=2

exp
�
� fEDðDjH; f;MÞ

�
(3)

where f defines a noise level with r2
e ¼ f�1, and ED is the error

term defined as

ED ¼ 1

2

XN
i¼1

e2
i ¼

1

2

XN
i¼1

�
yi � f ðri;HÞÞ2

(4)

It is well-known that finding the maximum likelihood
estimates of the parameters, HML, may be an ill-posed
problem. As the H that minimizes ED may depend sensitively
on the details of the noise in the data, the maximum likelihood
estimates would oscillate widely so as to fit the noise.24

Bayesian methods solve this type of ill-posed problem by
combining information contained in the observed data with
available information concerning the distribution of the
parameters. Introducing a regularizing constant, a, such a
prior can be expressed on the parameters; P(H|a,M)
represents the current state of knowledge about the plausible
values of model parameters. Therefore, the prior distribution
of model parameters is parameterized by a set of variables
called hyperparameters.* Both f and a are considered as
hyperparameters, because they describe the overall character-
istics of the priors. If a hyperparameter is not known a priori,
its probability distributions can be estimated in an intermediate
step of the model identification process.

To develop a Bayesian formulation of inferential models
that is robust to inconsistent data, we need to be able to effi-
ciently perform different levels of Bayesian inference even if
the dataset is contaminated with outlying observations.
Given an identification dataset D, we can consider a set of

hyperparameters {f1,…,fN}. Thus, the hyperparameter fi
defines a noise level r2

ei ¼ f�1
i on the ith sample in the given

training dataset. When having nonconstant values of fi, the
outliers will be automatically handled by assigning less
weights to the observations with relatively larger r2

ei. How-
ever, the underlying formulation involves a heavy nonlinear
optimization problem in dealing with large datasets.

To obtain a computationally feasible formulation, we
adopt a contaminated distribution to describe the observed
data and then solve the problem under a unified Bayesian
framework. The error distribution function is thus expressed
as F(e) ¼ d G(e) þ (1 � d)H(e), where d is the unknown
prior probability of appearance of an outlier, H(e) ¼ N(0,
r2
e) is a normal distribution, and G(e) is a contaminating dis-

tribution. This model arises for instance if the observations
are assumed to be normal with variance r2

y , but a fraction d
of them is affected by gross errors.15 Moreover, a set of indi-
cator variables {q1, … ,qN} is introduced to denote the iden-
tity of each data point; the indicator variable associated with
each data point determines whether that observation comes
from the regular or contaminating distribution. However, the
indicator variables are usually not known a priori and should
be estimated in an intermediate step of the model identifica-
tion process.

Outlier Models

In general, we need to tackle two types of outliers, namely
scale outliers and location outliers. As the names suggested,
scale and location outliers are generated by a shift in the
scale (variability) or in the location (mean) of measurement
noise. The process measurements that violate the physical
limitations of the involved unit operations can be modeled
as scale outliers, whereas the ones that violate the technolog-
ical limitations of the measuring devices can often be con-
sidered as symmetric location outliers. Moreover, the outly-
ing measurements made by a jammed instrument may be
modeled as asymmetric location outliers.

In this section, we present our proposed scale and location
outlier models which later will be needed to develop a ro-
bust Bayesian framework.

Scale outlier model

The error distribution affected by scale outliers is a mix-
ture of two multivariate normal distributions centered at the
same mean but with different covariance matrices, one being
proportionately larger than the other. Therefore, it is
assumed that the noise term, ei, is distributed as

ei � dNð0;q�1r2
eÞ þ ð1 � dÞNð0;r2

eÞ (5)

where 0 \ q\ 1 is the variance inflation factor that indicates
the magnitude of the errors leading to an outlying observation.
Note that the proposed Bayesian framework does not require
any knowledge of the noise distribution parameters (e.g., d, re,
and q); these parameters are iteratively estimated in the
identification process using the observations identified as
outliers.

Introduce a set of indicator variables, q1:N ¼ {q1, … ,qN},
to denote identity of each data point; that is, qi ¼ q if ei is
distributed as N(0,q�1r2

e) and qi ¼ 1 if ei is distributed as
Nn(0,r2

e). Therefore, qi is Bernoulli distributed with parame-
ter d, that is, Pðqi; dÞ ¼ dð1�

qi�q
1�qiq

Þð1 � dÞð
qi�q

1�qiq
Þ
.*The term is used to distinguish them from model parameters.
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Location outlier model

Now, suppose the contaminating distribution consists of
two multivariate normals such that G(e) ¼ N(�D,r2

e) þ
N(D,r2

e). To capture the presence of location outliers, it is
thus assumed that the noise term, ei, is distributed as

ei � d½NðD;r2
eÞ þ Nð�D; r2

eÞ� þ ð1 � dÞNð0; r2
eÞ (6)

where D indicates the location shift in the outlying observa-
tions. As mentioned previously, the proposed Bayesian
framework does not require any knowledge of the noise
distribution parameters (e.g., d, re, and D); these parameters
are iteratively estimated in the identification process using the
observations identified as outliers.

Introduce a set of indicator variables, q1:N ¼ {q1, … ,qN},
to denote identity of each data point; that is qi ¼ þD if ei is
generated from N(þD, r2

e), qi ¼ �D if ei is generated from
N(�D,r2

e), and qi ¼ 0 if ei is distributed as Nn(0,r2
e). There-

fore, qi has a categorical distribution such that Pðqi; dÞ
¼ ð0:5dÞð

jqi j�qi
2D Þð0:5dÞð

jqi jþqi
2D Þð1 � dÞð1�

jqi j
D Þ

, or equivalently, |qi|

has a Bernoulli distribution such that

Pðjqij; dÞ ¼ d
jqi j
D ð1 � dÞð1�

jqi j
D Þ

.

Hierarchical Optimization Framework

In general, the identification problem is to estimate the
model parameters, H, the hyperparameters of the prior distri-
bution of model parameters, U, and the indicator variables, Q,
using the process dataset, D. To obtain MAP estimates simul-
taneously, the joint probability density function (JPDF),
P(H,U,Q|D) should be optimized. However, evaluating such
posterior density functions requires a complex nonlinear opti-
mization problem to be solved. To circumvent the difficulties
associated with the direct maximization of P(H,U,Q|D), the
identification problem is formulated under a layered optimiza-
tion framework, as we will show in the following.

First, the chain rule of probability theory is used to factor-
ize the JPDF as

PðH;U;QjDÞ ¼ PðHjU;Q;DÞPðUjQ;DÞPðQjDÞ (7)

Then, the optimization problem is decomposed hierarchically
into three layers

max
H;U;Q

PðHjU;Q;DÞPðUjQ;DÞPðQjDÞ

¼ max
U;Q

n
PðQjDÞPðUjQ;DÞmax

H

�
PðHjU;Q;DÞ

	o

¼ max
Q



PðQjDÞmax

U

n
PðUjQ;DÞmax

H

�
PðHjU;Q;DÞ

	o�
(8)

The three-layer optimization problem is formulated as follows:
1. Inference of model parameters H by maximizing the

following posterior density function

PðHjD;U;QÞ ¼ PðDjH;U;QÞPðHjU;QÞ
PðDjU;QÞ (9)

2. Inference of hyperparameters U by maximizing the
following posterior density function

PðUjD;QÞ ¼ PðDjU;QÞPðUjQÞ
PðDjQÞ (10)

3. Inference of outlier indicator variables Q by maximiz-
ing the following posterior density function

PðQjDÞ ¼ PðDjQÞPðQÞ
PðDÞ (11)

In this Bayesian formulation, the likelihood function at a
particular level corresponds to the evidence function at the
previous level. For example, the likelihood at Level 2,
P(D|U,Q), is equal to the evidence at Level 1. Through this
pattern, the optimization variables are gradually integrated
out at different levels of Bayesian inference. Consequently,
the optimal solutions obtained in subsequent layers of opti-
mization are coordinated. However, direct optimization of all
these three layers is still not a tractable problem and further
simplification is required.

To obtain a tractable explicit solution to the above layered
optimization problem, we adopt a hierarchical Bayesian
approach through which the posterior probability density
functions are sequentially approximated in each layer and
the procedure is iterated. The hierarchical Bayesian approach
has been applied to a great variety of problems. For instance,
MacKay24 is the first author who proposed the heuristic
Bayesian evidence framework and later on applied it to neu-
ral network modeling.25 Molina et al.26 and Galatsanos
et al.27 used the hierarchical Bayesian paradigm to address
the image modeling and restoration problem. Kwok28 and
Suykens et al.29 derived a probabilistic formulation of the
least squares support vector machine within a hierarchical
Bayesian evidence framework.

Formulation of Inferential Modeling Problem in a
Unified Bayesian Framework

To derive analytical expressions for all levels of inference,
here we use the popular ARX model to illustrate the design
of a robust unified Bayesian framework. The application of
the ideas presented in this section is not limited to ARX
models. The derivations can be directly extended to other
classes of dynamic models, although numerical optimization
may be required.

For fixed model orders na and nb, an ARX model is
defined by introducing the regression vector rt [ Rp

rt ¼ ½yt�1;…; yt�na; u
T
t�1;…; uTt�nb�

T
(12)

where u [ Rm is the input and p ¼ na þ m � nb.
The output can then be expressed as a linear function of rt

such that

yt ¼ HT rt
1

� �
þ et (13)

where yt is the output, et is a zero-mean Gaussian noise with
nonconstant variance and H ¼ [h1,…,hp,hpþ1]T [ Rpþ1 denotes
the parameter vector including a subset of model parameters,
H1:p ¼ [h1,…,hp]

T, and a bias term, hpþ1. The reason for
keeping H1:p and hpþ1 distinct will become clear in deriving
analytical expressions for the location outlier model.

Given the identification dataset that is contaminated by
the presence of outliers, the objective is to identify model
parameters H. The proposed hierarchical Bayesian optimiza-
tion framework allows us to obtain MAP estimates of model
parameters with an automated mechanism for determining
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the hyperparameters and investigating the quality of each
data point.

Inference of Model Parameters H

Given the identification dataset D ¼ {(ri,yi)}
N
i¼1 ¼ {Z}Ni¼1

along with a set of indicator variables q1:N ¼ {q1, … ,qN}
and the hyperparameters a1:pþ1 ¼ {a1, … ,apþ1} ¼ {r�2

h1 ,
…, r�2

hpþ1} and f ¼ r�2
e , the MAP estimates of model param-

eters are obtained by maximizing the posterior
P(H|D,a1:pþ1,f,q1:N). Thus, the formulation of Bayes’ Theo-
rem in the first level of optimization becomes

PðHjD; a1:pþ1; f; q1:NÞ ¼
PðDjH; a1:pþ1; f; q1:NÞPðHja1:pþ1; f; q1:NÞ

PðDja1:pþ1; f; q1:NÞ
(14)

It is reasonable to assume that the prior distribution of each
parameter hi [H is independent of hyperparameter f and indicator
variables q1:N, that is, P(hi|ai,f,q1:N) ¼ P(hi|ai). In the absence of
other prior information, the prior distribution of H is taken as
independent Gaussian with zero-mean and variance of r2

hj ¼ a�1
j

PðHja1:pþ1Þ ¼
Ypþ1

j¼1

PðhjjajÞ

¼
Ypþ1

j¼1

ffiffiffiffiffiffi
aj
2p

r
exp

�
� 1

2
ajh

2
j

� (15)

It is noteworthy that a set of independent hyperparameters {a1,
…, apþ1} is specified to obtain sparsity. Considering that the bias
could be any value, an uniform prior is chosen for hpþ1; that is,
apþ1 ! 0 to approximate a uniform distribution, which can also
be considered as a Gaussian distribution in the limit. Plugging in
our assumptions, the prior is then expressed as follows

PðHja1:p; f; q1:NÞ /
Yp
j¼1

ffiffiffiffiffiffi
aj
2p

r
exp

�
� 1

2
ajh

2
j

�
(16)

The chain rule of probability theory allows us to factorize joint
probabilities as

PðDÞ ¼ PðZ1;Z2;…; ZNÞ

¼
YN
i¼1

PðZijZ1:i�1Þ
(17)

Given H, the sampled data D would be independent of
hyperparameters a1:p (inverse of the variance of the prior
distribution of model parameters), that is, P(D|H,a1:p,f,q1:N) ¼
P(D|H,f,q1:N). Applying the chain rule, therefore, the like-
lihood can be further expressed as

PðDjH; f; q1:NÞ ¼
YN
i¼1

PðZijZ1:i�1;H; f; qiÞ

/
YN
i¼1

PðeijH; f; qiÞ
(18)

where

PðeijH; f; qiÞ ¼
ffiffiffiffiffiffi
fqi
2p

r
exp

�
� fqi

1

2
e2
i

�
(19)

if the identification dataset is contaminated with scale outliers
and

PðeijH; f; qiÞ ¼
ffiffiffiffiffiffi
f

2p

r
exp

�
�f

1

2
ðei � qiÞ2

�
(20)

if the identification dataset is contaminated with location
outliers.

To be able to carry forward the derivations, we need to
take the underlying outlier model into account.

Scale Outlier Model Combining Eqs. 16 and 18 (along
with Eq. 19), the posterior probability of the model parame-
ters is then

PðHjD; a1:p; f; q1:NÞ / exp
�
�1

2

Xp
j¼1

ajh
2
j �

1

2

XN
i¼1

fqie
2
i

�

¼ exp
�
�
Xp
j¼1

ajEhj � f
XN
i¼1

qiEei

�
¼ exp

�
�J 1ðHÞ

�
(21)

where Ehj ¼ h2
j /2 and Eei ¼ e2

i /2. All constants are neglected in
Eq. 21, because the optimal solution will not be affected by
constant terms in the objective function.

One then proceeds to estimate the most probable values of
the model parameters, HMP, by maximizing the posterior
probability, or equivalently, by minimizing the negative log-
arithm of Eq. 21. The gradient of the cost function J 1(H) is

@J 1

@H1:p
¼ DaH1:p � fRDqY þ fRDqR

TH1:p þ fRDq
~1Nhpþ1

(22)

@J 1

@hpþ1

¼ f~1TNDqY � f~1TNDqR
TH1:p � fsqhpþ1 (23)

where ~1N ¼ [1,…,1]T [ RN, Y ¼ [y1,…,yN]T [ RN, R ¼
[r1,…,rN] [ Rp�N, Da ¼ diag(a1, …, ap) [ Rp�p, Dq ¼
diag(q1,…,qN) [ RN�N and sq ¼

P
N
i¼1qi. Note that Dq

may be viewed as a weighing matrix constructed to
downplay the effect of scale outliers on the parameter
estimates.

Making the partial derivatives expressed in Eqs. 22 and
23 equal to zero, the analytical expressions for HMP

1:p and
hMP
pþ1 can be derived

HMP
1:p ¼

�
RCRT þ 1

f
Da

��1

RCY (24)

hMP
pþ1 ¼ 1

sq

�
~1TNDqY �~1TNDqR

THMP
1:p

�
(25)

where C ¼ Dq � sq
�1Dq

~1N~1
T
NDq.

The posterior given by Eq. 21 is complex in general and

cannot be directly used for the three-layer optimization of

Eq. 8. The key to the hierarchical Bayesian approach is to

obtain an approximation of the posterior. This approach of

MacKay30 is adopted here to obtain an approximated solu-

tion first and then the optimization problem is solved

through iteration. Approximating the logarithm of the poste-

rior distribution by its second-order Taylor expansion around

HMP
1:pþ1, we obtain
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logPðHjD; a1:p; f; q1:NÞ � log PðHjD; a1:p; f; q1:NÞ
��
HMP

þr logPðHjD; a1:p; f; q1:NÞ
��
HMPm

þ 1

2
mTrr logPðHjD; a1:p; f; q1:NÞ

��
HMPm

(26)

where m ¼ H�HMP

 �

.
As HMP corresponds to a maximum of the logarithm of

the posterior, the second term on the right hand side of Eq.
26 evaluates to zero. A Gaussian approximation of the poste-
rior distribution can therefore be obtained as

PðHjD; a1:p; f; q1:NÞ � PðHMPjD; a1:p; f; q1:NÞ exp
�
� 1

2
mTHm

�
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2pÞðpþ1Þ
detH�1

q exp
�
� 1

2
mTHm

�

(27)

where H is the Hessian of the cost function J 1(H) evaluated at
HMP. The Hessian of the cost function J 1(H) is defined as

H ¼
H11 H12

HT
12 H22

� �
¼

@2J 1

@H2
1:p

@2J 1

@H1:p@hpþ1

@2J 1

@hpþ1@H1:n

@2J 1

@h2
pþ1

2
64

3
75 ð28Þ

where

H11 ¼ Da þ fRDqR
T (29)

H12 ¼ fRDq
~1N (30)

H22 ¼ fsq (31)

Using the Schur complement of the Hessian matrix, we
obtain,29

H ¼ In H12H
�1
22

0 1

� �
H11 � H12H

�1
22 H

T
12 0

0 H22

� �
In 0

H�1
22 H

T
12 1

� �
(32)

Hence,

detH ¼ det
H11 � H12H

�1
22 H

T
12 0

0 H22

� �
¼ H22 detðH11 � H12H

�1
22 H

T
12Þ

¼ fsq detðDa þ fGÞ

¼ fsq
Yp
j¼1

ðaj þ fkG;jÞ

(33)

where kG,j are the eigenvalues of the symmetric matrix G ¼
RCRT; the eigenvalue problem is:

R Dq �
1

sq
Dq

~1N~1
T
NDq

� �
RTmG;j ¼ kG;jmG;j (34)

Location Outlier Model. Combining Eqs. 16 and 18
(along with Eq. 20) and neglecting all constants, the poste-
rior probability of the model parameters is then

PðHjD; a1:p; f; q1:NÞ / exp
�
� 1

2

Xp
j¼1

ajh
2
j �

1

2

XN
i¼1

fðei � qiÞ2
�

¼ exp
�
�
Xp
j¼1

ajEhj � f
XN
i¼1

Ee0i

�
¼ exp

�
� J 2ðHÞ

�
(35)

where Ee
0
i
¼ Eei

þ q2
i /2 � eiqi.

The MAP estimates of the model parameters, HMP, are
obtained by maximizing the posterior probability, or equiva-
lently, by minimizing the negative logarithm of Eq. 35. The
gradient of the cost function J 2(H) is

@J 2

@H1:p
¼ DaH1:p � fRY þ fRRTH1:p þ fR~1Nhpþ1 þ fRDq

~1N

(36)

@J 2

@hpþ1

¼ f~1TNY � f~1TNR
TH1:p � fNhpþ1 � f~1TNDq

~1N (37)

Note that Dq may be viewed as a correction matrix constructed to
reduce the effect of location outliers on the parameter estimates.

Making the partial derivatives expressed in Eqs. 36 and
37 equal to zero, the analytical expression for HMP

1:p and hMP
pþ1

can be derived

HMP
1:p ¼

�
RC0RT þ 1

f
Da

��1

RC0
�
Y � Dq

~1N

�
(38)

hMP
pþ1 ¼ N�1~1TN

�
Y � Dq

~1N � RTHMP
1:p

�
(39)

where C0 ¼ IN � N�1~1N~1
T
N .

As explained previously, a Gaussian approximation of the
posterior distribution is given as

PðHjD; a1:p; f; q1:NÞ �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2pÞðpþ1Þ
det H�1

q exp
�
� 1

2
mTHm

�

(40)

where H is the Hessian of the cost function J 2(H) evaluated at
HMP.

It can be shown that the elements of the Hessian are

H11 ¼ Da þ fRRT (41)

H12 ¼ fR~1N (42)

H22 ¼ fN (43)

The Cholesky factorization of the Hessian would be similar to
Eq. 32. To obtain an expression for det H, thus, one needs to
solve the following eigenvalue problem

R IN � 1

N
~1N~1

T
N

� �
RTmG;j ¼ k0G;jmG;j (44)

where k
0
G;j are the eigenvalues of the symmetric matrix G

0 ¼
RC

0
RT.

Finally, we obtain

detH ¼ fN detðDa þ fG0Þ ¼ fN
Yp
j¼1

ðaj þ fk0G;jÞ (45)

850 DOI 10.1002/aic Published on behalf of the AIChE March 2013 Vol. 59, No. 3 AIChE Journal



Inference of hyperparameters a1:p and f

Hyperparameters a1:p and f are inferred from the identifi-
cation data D by applying Bayes’ rule in the second layer of
optimization. First, the posterior distribution of the hyper-
parameters is written as

Pða1:p; fjD; q1:NÞ ¼
PðDja1:p; f; q1:NÞPða1:p; fjq1:NÞ

PðDjq1:NÞ
(46)

As priors, it is assumed that the hyperparameters are
statistically independent, that is, P(a1:p,f|q1:N) ¼
P(f|q1:N)

Qp
j¼1P(aj|q1:N). If there is no explicit information

available for the hyperparameters, a uniform distribution can
then be used to describe appropriate noninformative priors on
log aj and log f. To incorporate precise prior knowledge,
however, conjugate priors31 are commonly assigned for which
the resulting posterior distribution can be conveniently
evaluated. To assure generality, we consider the following
gamma distributions as hyperpriors:

Pðajjq1:NÞ ¼
s
kj
j a

kj�1

j

CðkjÞ
expð�sjajÞ / a

kj�1

j expð�sjajÞ (47)

Pðfjq1:NÞ ¼
sk0

0 f
k0�1

Cðk0Þ
expð�s0fÞ / fk0�1 expð�s0fÞ (48)

where kj is the shape parameter and sj is the inverse of the
scale parameter. Therefore, gamma distribution is a simple
peaked distribution for which mean and variance are defined
by kj/sj and kj/s

2
j , respectively. The fact that the gamma

distribution is the conjugate prior to many likelihood
distributions justifies the choice of gamma hyperpriors.

Under the stated assumptions, the prior distribution over
hyperparameters is expressed as

Pða1:p; fjq1:NÞ / fk0�1 expð�s0fÞ
Yp
j¼1

akj�1

j expð�sjajÞ (49)

Hereinafter, the underlying outlier model will be taken into
account to lay out a computational procedure for the inference
of hyperparameters.

Scale Outlier Model. The likelihood P(D|a,f,q1:N) is equal
to the normalizing constant in Eq. 14 for the first level of in-
ference. Substituting Eqs. 16, 18 (along with 19) and 27 in Eq.
14, we can derive the following expression for the likelihood

PðDja1:p; f; q1:NÞ

/
Qp

j¼1

ffiffiffiffi
aj

p QN
i¼1

ffiffiffiffiffiffi
fqi

p
ffiffiffiffiffiffiffiffiffiffiffi
detH

p exp
�
� J 1ðHÞ þ 1

2
mTHm

�����
HMP

ð50Þ

Substituting Eqs. 49 and 50 into Eq. 46, the posterior
probability of the hyperparameters becomes

Pða1:p; fjD; q1:NÞ /

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fN

Qp
j¼1 aj

QN
i¼1 qi

fsq
Qp

j¼1ðaj þ fkG;jÞ

vuut exp
�
� J 1

�
HMP

��

� fk0�1 expð�s0fÞ
Yp
j¼1

a
kj�1

j expð�sjajÞ

(51)

Minimizing the negative logarithm of Eq. 51 leads to the
following optimization problem

min
a1:p;f

J 1ða1:p; fÞ ¼
Xp
j¼1

aj
h
sj þ EhjðhMP

j Þ
i
þ f

h
s0 þ

XN
i¼1

qiEeiðHMPÞ
i

� N þ 2k0 � 3

2
log f� 1

2

Xp
j¼1

ð2kj � 1Þ log aj þ
1

2

Xp
j¼1

logðaj þ fkG;jÞ

(52)

The gradient of the cost function J 1(a1:p,f) is

@J 1

@a1:p
¼

�
Ds þ EHðHMPÞ þ 1

2
ðDa þ fDkÞ�1 � 1

2
D�1

a ð2Dk � IpÞ
�
~1p

(53)

@J 1

@f
¼ s0 þ~1TNDqEeðHMPÞ~1N þ 1

2
~1TpDkðDa þ fDkÞ�1~1p

� N þ 2k0 � 3

2f
ð54Þ

where Ds ¼ diag(s1,…,sp) [ Rp�p, EH ¼ diag(Eh1
,…,Ehp) [

Rp�p, Ee ¼ diag(Ee1
,…,EeN

) [ RN�N, Dk ¼ diag(kG,1,…,kG,p) [
Rp�p, Dk ¼ diag(k1,…,kp) [ Rp, and ~1p ¼ [1,…,1]T [ Rp.

Setting the partial derivatives equal to zero and carrying
out a few algebraic manipulations, the following expressions
are obtained in the optimum of J 1(a1:p,f)

DMP
a ¼

�
Ds þ EHðHMPÞ

��1� 1

2
Dc þ Dk � Ip

�
(55)

fMP ¼ 1

2

�
s0 þ~1TNDqEeðHMPÞ~1N

��1�
N þ 2k0 � 3 �~1TpDc

~1p

�
(56)

where Dc ¼ diag(c1,…,cp). The jth diagonal element of Dc is
defined as

cj ¼
fMPkG;j

aMP
j þ fMPkG;j

(57)

where kG,j is obtained by solving the eigenvalue problem of

Eq. 34. Thus, cj [[0,1] is a measure of the strength of the

likelihood in relation to the prior in determining hj. For

instance, cj ! 0 (i.e., kj � aj) indicates that hj is poorly

measured from the identification data. Consequently

ceff ¼ 1 þ
Xp
j¼1

fMPkG;j
aMP
j þ fMPkG;j

¼ 1 þ~1TpDc
~1p (58)

is the number of well-determined parameters.25

Since a1:p and f are positive scale variables, we can con-
sider a separable Gaussian distribution for P(log a1:p, log
f|D,q1:N) such that†

Pðlog a1:p; log fjD; q1:NÞ �
1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detA�1

p exp
�
� 1

2
f TAf

�
(59)

where f ¼ log a1:p � log aMP
1:p log f� log fMP

h iT
and A is the

Hessian of the cost function J 1(a1:p,f) evaluated at aMP
1:p ,fMP.

†It is natural to represent the uncertainty associated with positive scale variables
on a log scale.
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It is pointed out by MacKay32 that the Gaussian approxi-
mation over log aMP

j and log f holds good if the model pa-
rameters are all well-determined in relation to their prior
range by the identification data.

Having obtained MAP estimates of hyperparameters, the
elements of the A are calculated as follows

A11 ¼ @2J 1ða1:p; fÞ
@ðlog a1:pÞ2

���
aMP

1:p
;fMP

¼
�
Ds þ EHðHMPÞ

�
DMP

a þ 1

2
fMPDMP

a Dk

�
DMP

a þ fMPDk

��2

�
�
Ds þ EHðHMPÞ

�
DMP

a

¼ 1

2
Dc þ Dk � Ip

(60)

A22 ¼ @2J 1ða1:p; fÞ
@ðlog fÞ2

���
aMP

1:p ;f
MP

¼ fMP
�
s0 þ~1TNDqEeðHMPÞ~1N

�
þ 1

2
fMP~1TpD

MP
a Dk

�
DMP

a þ fMPDk

��2
~1p

� fMP
�
s0 þ~1TNDqEeðHMPÞ~1N

�
¼ 1

2

�
N þ 2k0 � 2 � ceff

�
(61)

These approximations are valid if cj þ 2kj � 2 � 1 and N þ
2k0 � 2 �ceff � 1.32

From Eqs. 60 and 61, it is straightforward to show that

detA ¼ 1

2
ðN þ 2k0 � 2 � ceffÞ

Yp
j¼1

cj
2
þ kj � 1

� �
(62)

Location Outlier Model. When the identification dataset
is contaminated with location outliers, Eqs. 16, 18 (along
with 20), and 40 are substituted in Eq. 14 to obtain an
expression for the likelihood

PðDja1:p; f; q1:NÞ /

ffiffiffiffiffi
fN

p Qp
j¼1

ffiffiffiffi
aj

pffiffiffiffiffiffiffiffiffiffiffi
detH

p exp
�
� J 2ðHÞ þ 1

2
mTHm

�����
HMP

(63)

Substituting Eqs. 49 and 63 into Eq. 46, the posterior
distribution of the hyperparameters a1:p and f becomes:

Pða1:p; fjD; q1:NÞ /

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fN

Qp
j¼1 aj

fN
Qp

j¼1ðaj þ fk0G;jÞ

vuut exp
�
� J 2

�
HMP

��

� fk0�1 expð�s0fÞ
Yp
j¼1

a
kj�1

j expð�sjajÞ ð64Þ

One can then proceed to infer the hyperparameters in a similar
way as for the scale outlier model. The condition for
optimality is thus expressed as

DMP
a ¼

�
Ds þ EHðHMPÞ

��1� 1

2
Dc0 þ Dk � Ip

�
(65)

fMP ¼ 1

2

�
s0 þ~1TNEe0 ðHMPÞ~1N

��1�
N þ 2k0 � 3 �~1TpDc0

~1p

�
(66)

where Dc0 ¼ diag(c01,…,c0p). The jth diagonal element of D0
c is

defined as

cj ¼
fMPk0G;j

aMP
j þ fMPk0G;j

(67)

where k0G;j is obtained by solving the eigenvalue problem of
Eq. 44.

As explained previously, a separable Gaussian approxima-
tion of P(log a1:p, log f|D,q1:N) can be obtained as

Pðlog a1:p; log fjD; q1:NÞ �
1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detA�1

p exp
�
� 1

2
f TAf

�
(68)

where A is Hessian of the cost function J 2(a1:p, f) evaluated at
aMP

1:p , fMP.
Finally, it can be shown that

detA ¼ 1

2
ðN þ 2k0 � 2 � c0effÞ

Yp
j¼1

c0j
2
þ kj � 1

� �
(69)

Inference of outlier indicator variables q1:N

So far, in our derivations, we have assumed that the indi-
cator variables q1:N are known. As q1:N are unobserved varia-
bles, they still need to be estimated from the identification
dataset. Applying Bayes’ rule in the third level of optimiza-
tion, we obtain the following posterior distribution

Pðq1:N jDÞ ¼ PðDjq1:NÞPðq1:NÞ
PðDÞ (70)

where the prior distribution of q1:N is expressed as

Pðq1:NÞ ¼
YN
i¼1

PðqiÞ ¼
YN
i¼1

dð1�
qi�q

1�qiq
Þð1 � dÞð

qi�q
1�qiq

Þ
(71)

and as

Pðq1:NÞ ¼
YN
i¼1

PðqiÞ ¼
YN
i¼1

ð0:5dÞð
jqi j�qi

2D Þð0:5dÞð
jqi jþqi

2D Þð1 � dÞð1�
jqi j
D Þ

¼
YN
i¼1

ð0:5dÞ
jqi j
D ð1 � dÞð1�

jqi j
D Þ ð72Þ

for the scale and location outliers, respectively. In deriving
Eqs. 71 and 72, we assumed that the occurrence of the outliers
is completely random.

The likelihood P(D|q1:N) can be obtained by integrating
over a1:p and f, and then an approximate solution is
obtained25

PðDjq1:NÞ ¼
Z

PðDjq1:N ; a1:p; fÞPða1:p; fjq1:NÞda1:pdf

� PðDjq1:N ; a
MP
1:p ; f

MPÞPðaMP
1:p ; f

MPjq1:NÞ2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detA�1

p

(73)

At this stage, the type of outliers should be determined to
obtain explicit expressions for evaluating the posterior
probability of indicator variables.

Scale Outlier Model. Combining Eqs. 49, 50, and 62 and
neglecting all constants, the likelihood of the third level of
Bayesian inference is expressed as
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PðDjq1:NÞ /
Yp
j¼1

ðaMP
j Þkj�1

expð�sja
MP
j Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aMP
j

ð0:5cj þ kj � 1ÞðaMP
j þ fMPkG;jÞ

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðfMPÞNþ2k0�3 QN

i¼1 qi
sqðN þ 2k0 � 2 � ceff Þ

s
exp

�
� s0f

MP � J 1

�
HMP

��

(74)

The posterior probability of the indicator variables is obtained by substituting Eqs. 71 and 74 into Eq. 70:

Pðq1:N jDÞ /
Yp
j¼1

ðaMP
j Þkj�1

expð�sja
MP
j Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aMP
j

ð0:5cj þ kj � 1ÞðaMP
j þ fMPkG;jÞ

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðfMPÞNþ2k0�3

sqðN þ 2k0 � 2 � ceffÞ

s
exp

�
� s0f

MP � J 1

�
HMP

��

�
YN
i¼1

dð1�
qi�q

1�qiq
Þð1 � dÞð

qi�q
1�qiq

Þ ffiffiffiffi
qi

p ð75Þ

To assess the quality of each data pair, Zi ¼ (ri,yi), the posterior probability P(qi|D) is first evaluated for qi [ {1,q}. The normalized
probabilities are then used to estimate the expected value of qi as follows:

E½qijD� ¼ Pðqi ¼ 1jDÞ þ qPðqi ¼ qjDÞ (76)

Location Outlier Model. Combining Eqs. 49, 63, and 69, the likelihood of the third level of Bayesian inference is
expressed as

PðDjq1:NÞ /
Yp
j¼1

ðaMP
j Þkj�1

expð�sja
MP
j Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aMP
j

ð0:5c0j þ kj � 1ÞðaMP
j þ fMPk0G;jÞ

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðfMPÞNþ2k0�3

NðN þ 2k0 � 2 � c0effÞ

s
exp

�
� s0f

MP � J 2

�
HMP

��

(77)

Substituting Eqs. 72 and 77 into Eq. 70, the posterior probability of the indicator variables becomes

Pðq1:N jDÞ /
Yp
j¼1

ðaMP
j Þkj�1

expð�sja
MP
j Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aMP
j

ð0:5c0j þ kj � 1ÞðaMP
j þ fMPk0G;jÞ

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðfMPÞNþ2k0�3

NðN þ 2k0 � 2 � c0effÞ

s
exp

�
� s0f

MP � J 2

�
HMP

��

�
YN
i¼1

ð0:5dÞ
jqi j
D ð1 � dÞð1�

jqi j
D Þ ð78Þ

For the data pair, Zi ¼ (ri,yi), the posterior probability
P(qi|D) is first evaluated over the set of possible values qi [
{0, �D, þD}. The expected value of qi is then estimated
from the normalized probabilities

E½qijD� ¼ DPðjqij ¼ DjDÞsign


Pðqi ¼ þDjDÞ � Pðqi ¼ �DjDÞ

�
(79)

Robust model identification procedure

To summarize our discussion, the implementation proce-
dure of the proposed robust identification approach is out-
lined as follows. First, a few preparatory steps are completed
to incorporate the relevant prior knowledge. Given a conta-
minated identification dataset,

1. Specify a set of indicator variables, q1:N ¼ {q1, …
,qN}, to denote the quality of each data point.

2. Select an appropriate outlier model to describe the
contaminating distribution (Eqs. 5 and 6).

3. Include the noise distribution information to describe
the prior distribution of P(q1:N) (Eqs. 71 and 72). In the ab-
sence of relevant prior information, the 3r edit rule is used
to detect potential outliers and hence to initialize the estima-
tion of noise distribution parameters, that is, d(0), re

(0), and
D(0) or q(0).

4. Characterize the prior distribution of hyperparameters
P(a1:p,f|q1:N) based on the explicit prior knowledge. The
prior information over hyperparameters can be generally
well-represented by gamma distributions (Eqs. 47 and 48). If
there is no explicit information available for the hyperpara-
meters, a uniform distribution can then be used to describe
appropriate noninformative priors on log aj and log f.

5. Determine the prior distribution of model parameters
P(H|a1:p,f) based on the available background information.
In the absence of other prior information, the prior probabil-
ity of H can be approximated by independent Gaussian dis-
tributions (Eq. 15). Depending on the model structure, it
might be reasonable to assume that a1 ¼ a2 ¼ … ¼ ap.

6. Choose a set of initial values for indicator variables,
q
ð0Þ
1:N , and hyperparameters, að0Þ1:p and f(0).

Next, the following steps will be repeated iteratively until
no further improvements are gained:

1. Maximize P(H(l)|D,aðl�1Þ
1:p ,f(l�1),q

ðl�1Þ
1:N ) to update the

MAP estimates of model parameters, H(l) (Eqs. 24 and 25 or
38 and 39).

2. Maximize P(aðlÞ1:p, f(l)|D,q
ðl�1Þ
1:N ) to update the MAP esti-

mates of hyperparameters, aðlÞ1:p and f(l) (Eqs. 55 and 56 or 65
and 66).

3. Evaluate the posterior probability of each observation
acting as an outlier to update the MAP estimates of indicator
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variables, q
ðlÞ
1:N (Eqs. 75 and 76 and 78 and 79); the updated

estimates are used in the next iteration.
4. Update the estimated values of the noise distribution

parameters, �(l), �e
(l), and �(l) or �(l), using the observations

identified as outliers.
Although Gaussian approximations to posterior density

functions may not be always adequate, the application of the
robust identification procedure proposed in this article is not
limited to ARX models. For robust identification of nonlin-
ear models with non-Gaussian noise distributions, it is often
required to adopt more sophisticated approximation methods
such as variational Bayes methods or Monte Carlo methods
with various Bayesian sampling schemes. The derivations
can thus be directly extended to other classes of dynamic
models, although numerical optimization may be required.

Simulation and Experimental Study

In this section, we demonstrate the effectiveness of the
proposed identification approach through the simulated and
experimental datasets. The purpose is to verify the perform-
ance of the Bayesian-based outlier detection algorithm and
to evaluate the overall robust behavior of the proposed
framework. The robustness of the Bayesian framework is
compared with that of the Huber estimator, which is one of
the most widely used methods of robust regression.

It is noteworthy that the M-estimation with various weigh-
ing functions were performed. In general, the results were
similar to those of the Huber robust regression.

Second-order finite impulse response model

Consider the following linear second-order finite impulse
response (FIR) model

yt ¼ 6:5 �2 �1½ � xt
1

� �
þ et (80)

with xt ¼ u1ðtÞ u2ðtÞ½ �T . Three different scenarios will be
considered to simulate noise distribution:

Case I. et � 0.85N(0,4) þ 0.15N(0,40)
Case II. et � 0.85N(0,2.25) þ 0.15[N(�5,2.25),N(5,2.25)]
Case III. et � 0.85N(0,2.25) þ 0.15N(5,2.25)
Total number of data points is set to N ¼ 200 in which

around 15% have been generated from the contaminating
distribution. The comparison is performed between the fol-
lowing methods using standard implementations:

1. Ordinary least-square (OLS) regression: The most
straightforward method for identification of ARX models is
the OLS method, relying on minimization of the sum of
squared errors between measurements and model predictions.

2. Regular Bayesian: The identification dataset used in
the proposed Bayesian method is considered to be healthy,
that is, d ¼ 0.

3. Robust regression: The M-estimation with the Huber
weight function is performed. The tuning parameters of this
algorithm are adjusted based on the recommended settings in
MATLAB.

4. Robust Bayesian: The robust Bayesian framework

does not require any knowledge of the noise distribution pa-
rameters as these parameters are actually iteratively esti-

mated in the identification process. To illustrate how the pro-
posed Bayesian identification framework is implemented,

Figure 1 shows a detailed flowchart demonstrating the
sequence of steps performed for Case I. Basic MATLAB

commands can be used to execute each step.
Table 1 shows the mean relative estimation errors (MRE)

and mean squared errors (MSE) of prediction averaged more

Figure 1. The flowchart of the Bayesian procedure followed for robust identification of the second-order FIR
model in the presence of scale outliers.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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than 50 trials with different noise sequences. Not surpris-
ingly, the robust methods improve the parameter estimation
performance by detecting and accommodating outlying
observations of the identification dataset. The smaller values
of MRE indicate that the robust Bayesian framework outper-
forms the Huber robust regression in terms of accuracy of
the parameter estimates. As a result, the models identified
using robust Bayesian framework show better predictive per-
formance, with smaller values of MSE. Specifically, the
Huber robust regression can suffer from the effect of outliers
when the contaminating distribution is asymmetric. In gen-
eral, traditional robust regression methods assume a symmet-
ric Gaussian distribution for the contaminating distribution
and assign robustness weights accordingly. Therefore, in the
case of asymmetric contaminating distribution (e.g., the
noise term, ei, is distributed as ei � dN(D,r2

e) þ (1 �
d)N(0,r2

e)), downweighing the outliers causes a strong bias
to the estimates.

Figures 2a, 3a, and 4a show the number of iterations
required for the convergence of model parameter estimates,
whereas Figures 2b, 3b, and 4b present the percentage of the
outliers detected in the individual runs of Monte Carlo simu-
lation. Although the iterations needed for the robust Bayes-
ian and Huber methods are comparable, the former is capa-
ble of successfully detecting a higher percentage of outliers.

Continuous fermentation reactor simulation

To illustrate potential applications of the proposed method in
process industries, identification of a simulated continuous fer-
mentation reactor (CFR) is considered in this section. The non-
linear dynamic behavior of a CFR is described as follows33

_X ¼ �DX þ lX (81)

_S ¼ DðSf � SÞ � 1

YX=S
lX (82)

Figure 2. Scale outlier.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 3. Symmetric location outlier.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 1. Comparison of Estimated Parameters of the Second-Order FIR Model

OLS Regression Robust Regression Regular Bayesian Robust Bayesian

Case I: Scale outliers in the identification data
MRE of y1 (%) 2.48 	 1.84 2.02 	 1.46 2.46 	 1.84 1.86 	 1.24
MRE of y2 (%) 3.96 	 3.42 3.51 	 2.42 3.95 	 3.42 3.01 	 2.15
MRE of y3 (%) 23.18 	 15.63 16.30 	 13.32 23.18 	 15.63 12.27 	 11.72
MSE of Prediction 0.161 	 0.135 0.098 	 0.093 0.160 	 0.135 0.069 	 0.074

Case II: Symmetric location outliers in the identification data
MRE of y1 (%) 2.95 	 2.04 2.27 	 1.57 2.95 	 2.03 1.08 	 0.88
MRE of y2 (%) 4.17 	 3.57 3.52 	 2.65 4.16 	 3.55 2.18 	 1.98
MRE of y3 (%) 19.26 	 12.79 14.48 	 11.25 19.26 	 12.78 7.44 	 5.44
MSE of Prediction 0.149 	 0.100 0.092 	 0.069 0.148 	 0.100 0.029 	 0.030

Case III: Asymmetric location outliers in the identification data
MRE of y1 (%) 1.80 	 1.33 1.72 	 1.22 1.76 	 1.32 1.46 	 0.97
MRE of y2 (%) 3.34 	 2.70 2.85 	 2.56 3.34 	 2.70 2.59 	 1.99
MRE of y3 (%) 65.30 	 10.21 40.40 	 11.77 65.3 	 10.21 7.60 	 7.04
MSE of Prediction 0.481 	 0.137 0.215 	 0.095 0.480 	 0.136 0.042 	 0.036
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_P ¼ �DPþ ðalþ bÞX (83)

where specific growth rate (l) is defined as

l ¼
lm

�
1 � P

Pm

�
S

Km þ Sþ S2

Ki

(84)

X, S, and P are the state variables of the system representing
the biomass concentration, substrate concentration and product
concentration, respectively. Dilution rate (D) and feed
substrate concentration (Sf) are normally treated as the system
inputs. The cell-mass yield (YX/S), the yield parameters (a, b),
the maximum specific growth rate (lm), the product saturation
constant (Pm), the substrate saturation constant (Km), and the
substrate inhibition constant (Ki) are the model parameters. In
this study, the case where the CFR has a single stable steady-
state is considered for which the parameter settings and the
operating conditions are given by Henson and Seborg.33 The
objective is to identify a MISO model relating the two input
variables, dilution rate (u1), and feed substrate concentration
(u2), with product concentration (y1); the identification dataset
is contaminated with the scale or location outliers. Dilution
rate is assumed to vary between 0.13 and 0.17 hr�1, whereas
feed substrate concentration is assumed to vary between 18
and 22 kg/m3.

For both steady-state and dynamic modeling exercises pre-
sented below, Gaussian noise with a relative variance of
10% was added to the outputs. To test the robustness of the
proposed Bayesian framework, several outliers are randomly
added to the simulated identification dataset. To fairly inves-
tigate the performance of different identification procedures
in the presence of outliers, Monte–Carlo simulation is per-
formed. The percentage of the observations generated from
the contaminating distribution is fixed at 15%. Three differ-
ent scenarios will be considered to simulate the contaminat-
ing distribution

Case I. Identification dataset is contaminated with scale
outliers.

Case II. Identification dataset is contaminated with sym-
metric location outliers.

Case III. Identification dataset is contaminated with asym-
metric location outliers.

The steady-state model to be identified is chosen as the
form

y1ðkÞ ¼ h1u1ðkÞ þ h2u2ðkÞ þ h3 (85)

We also consider the dynamic ARX-based identification of the
fermentation problem in the neighbor of the nominal operating
point to approximately capture the dynamic relationship
between the input and output variables. The model to be
identified is of the form

y1ðkÞ ¼ h1u1ðkÞ þ h2u2ðkÞ þ h3y1ðk � 1Þ þ h4 (86)

OLS regression, regular Bayesian, Huber robust regression,

and robust Bayesian are applied for identification of the

steady-state and dynamic models. To evaluate the robustness

of these methods, the prediction performance of the identified

models is compared in Tables 2 and 3 for validation datasets;

the results are summarized from 50 simulation runs. MSE,

mean absolute error (MAE), and standard deviation of error

(STDE) are the performance metrics evaluated. It can be

observed that the models identified using robust Bayesian

framework are both more accurate (with smaller MAE) and

more reliable (with smaller STDE). Moreover, the relatively

smaller values of MSE imply the overall better prediction

performance in terms of both accuracy and reliability. The

advantage of the proposed robust framework over the

traditional robust regression techniques is highlighted spe-

cially when the identification dataset is contaminated with the

location outliers.

Table 2. Comparison of the Prediction Performance of the Identified Steady-State Models on the Validation Data

OLS Regression Robust Regression Regular Bayesian Robust Bayesian

Case I: Scale outliers in the identification data
MSE of Prediction 0.313 	 0.067 0.286 	 0.033 0.313 	 0.045 0.250 	 0.039
STDE of Prediction 0.230 	 0.042 0.220 	 0.031 0.230 	 0.041 0.215 	 0.024
MAE of Prediction 0.254 	 0.059 0.230 	 0.045 0.253 	 0.045 0.198 	 0.033

Case II: Symmetric location outliers in the identification data
RMSE of Prediction 0.308 	 0.076 0.249 	 0.036 0.307 	 0.075 0.208 	 0.020
STDE of Prediction 0.265 	 0.057 0.224 	 0.030 0.265 	 0.056 0.201 	 0.018
MAE of Prediction 0.251 	 0.067 0.202 	 0.030 0.250 	 0.066 0.165 	 0.016

Case III: Asymmetric location outliers in the identification data
RMSE of Prediction 0.487 	 0.086 0.383 	 0.059 0.486 	 0.084 0.229 	 0.039
STDE of Prediction 0.229 	 0.040 0.227 	 0.036 0.228 	 0.038 0.212 	 0.025
MAE of Prediction 0.432 	 0.084 0.321 	 0.054 0.432 	 0.083 0.182 	 0.029

Figure 4. Asymmetric location outlier.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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The averaged noise variance (r2
e) estimates along with the

standard deviation of the estimated values obtained from
each of the robust methods are presented in Table 4. The
reported results show that the robust Bayesian outperforms
the robust regression in terms of the accuracy of the noise
variance estimates. Therefore, another advantage of the
developed Bayesian framework is that it provides much
more accurate estimates of hyperparameters such as the mea-
surement noise variance.

Continuous stirred tank heater experiment

To further demonstrate the capability of the proposed
Bayesian method, identification of an ARX model using the
experimental data obtained from a pilot-scale continuous
stirred tank heater (CSTH) is considered. The CSTH pilot
plant is located in the Computer Process Control Laboratory
in the Department of Chemical and Materials Engineering at
the University of Alberta. As illustrated in Figure 5, the feed
stream of the cold water flows into a well-stirred heated
tank. The cold water is heated using saturated steam through
a heating coil and drained from the tank through a long
pipe.34 Given a fixed volume of water in the tank, it is
desired to heat the inlet stream to a higher setpoint tempera-
ture. To achieve this control objective, the outflow tempera-
ture is measured and the steam flow rate is adjusted accord-
ingly.

We consider the problem of identifying a dynamic model
relating the steam flow rate (input u) to the outlet water tem-
perature (output y); the experimental data was taken from
Jin.35 A random binary sequence based variation in the
steam flow rate was used to sufficiently excite the process
for collecting identification data; the input was varied
between 10 and 15 kg/hr. It is noteworthy that the level of
water in the tank is controlled at 25 cm to isolate the signifi-
cant effect of level variations on the process dynamics. The
input–output data collected from the CSTH pilot plant is

shown in Figure 6. The identification dataset is used to iden-
tify empirical models of the form

yðkÞ ¼ h1uðkÞ þ h2yðk � 1Þ þ h3 (87)

OLS regression, regular Bayesian, Huber robust regression,
and robust Bayesian are applied to estimate the model
parameters. The prediction performance of the identified
models is then tested on the validation dataset.

As the main focus of this study is to investigate the
robustness of different identification procedures, an identifi-
cation dataset contaminated with outliers is of interest.
Therefore, several outliers are randomly added to the identi-
fication dataset. It is expected that the presence of outliers
will decrease the performance of various identification pro-
cedures. Thus, the parameter estimates obtained from the
original identification dataset are considered as reference val-
ues.

Table 5 compares the parameter estimates obtained from
the original dataset with the ones identified from the conta-
minated datasets. In the absence of contamination, parameter
estimation results from the investigated identification meth-
ods are comparable. Regardless of the form of contamina-
tion, however, presence of outliers in the identification data
generally destroys the performance of nonrobust estimators.
Also, it can be clearly observed that the OLS regression and
the regular Bayesian methods fail similarly. In contrast, the
robust methods provide reasonably accurate parameter esti-
mates, even when the identification dataset is contaminated
by either scale or location outlying observations. Having
included the contaminating model in the identification proce-
dure, it is evident that the proposed Bayesian approach out-
performs the Huber estimator in robustness especially in the
presence of location outliers.

To evaluate the performance of the identified models, infi-
nite horizon predictions (simulation) are performed on the

Table 4. Comparison of the Noise Variance Estimates Obtained Using Different Robust Methods

Simulated Value Robust Regression Robust Bayesian

Case I: Scale outliers in the identification data
Steady-state model 0.490 	 0.048 1.092 	 0.124 0.408 	 0.098
Dynamic model 0.490 	 0.040 1.387 	 0.109 0.645 	 0.126

Case II: Symmetric location outliers in the identification data
Steady-state model 0.494 	 0.053 1.554 	 0.204 0.451 	 0.044
Dynamic model 0.507 	 0.046 2.201 	 0.278 0.636 	 0.073

Case III: Asymmetric location outliers in the identification data
Steady-state model 0.495 	 0.046 1.219 	 0.186 0.352 	 0.066
Dynamic model 0.512 	 0.044 2.238 	 0.293 0.462 	 0.074

Table 3. Comparison of the Prediction Performance of the Identified Dynamic Models on the Validation Data

OLS Regression Robust Regression Regular Bayesian Robust Bayesian

Case I: Scale outliers in the identification data
RMSE of prediction 0.462 	 0.124 0.445 	 0.120 0.460 	 0.142 0.424 	 0.119
STDE of prediction 0.400 	 0.120 0.394 	 0.112 0.396 	 0.129 0.387 	 0.113
MAE of prediction 0.363 	 0.080 0.346 	 0.074 0.363 	 0.107 0.324 	 0.078

Case II: Symmetric location outliers in the identification data
RMSE of prediction 0.478 	 0.108 0.448 	 0.081 0.475 	 0.109 0.409 	 0.072
STDE of prediction 0.435 	 0.088 0.415 	 0.072 0.433 	 0.088 0.393 	 0.066
MAE of prediction 0.376 	 0.090 0.343 	 0.0.62 0.374 	 0.089 0.312 	 0.054

Case III: Asymmetric location outliers in the identification data
RMSE of prediction 0.745 	 0.113 0.633 	 0.097 0.739 	 0.111 0.438 	 0.097
STDE of prediction 0.390 	 0.087 0.390 	 0.086 0.390 	 0.087 0.395 	 0.089
MAE of prediction 0.660 	 0.116 0.541 	 0.094 0.657 	 0.112 0.341 	 0.080
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validation dataset. The results are compared in Figures 7, 8,
and 9. In the case of the contaminated identification data,
the models identified through the use of nonrobust methods
exhibit poor prediction performance. However, it can be
observed that the robustness of the proposed Bayesian
approach and Huber estimator significantly improve the pre-
dictive accuracy of the identified models. The prediction per-

formance of the models identified using the robust Bayesian
framework is better than that of the ones identified using
Huber robust regression.

To summarize, this experimental study shows that the pro-
posed robust Bayesian framework performs well under a
wide variety of circumstances: with or without contamina-
tion, with scale or location outliers, and with symmetric or
asymmetric contaminating distributions.

Concluding Remarks

Identification of ARX models in the presence of outliers
was considered in this article. To obtain a computationally
feasible formulation, a set of indicator variables was intro-
duced to denote the identity of each data point. Also, a con-
taminated Gaussian distribution was adopted to describe the
observed data. The ARX identification problem was then

Figure 5. A simplified configuration of the CSTH.

Figure 6. Input–output experimental data from a pilot-
scale CSTH.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 5. Comparison of Estimated Parameters of the CSTH
Model

OLS
Regression

Robust
Regression

Regular
Bayesian

Robust
Bayesian

Case I: No outlier in the identification data
y1 0.0243 0.0248 0.0243 0.0254
y2 0.9866 0.9862 0.9866 0.9859
y3 0.1547 0.1599 0.1547 0.1639

Case II: Scale outliers in the identification data
y1 0.0537 0.0252 0.0539 0.0241
y2 0.9626 0.9856 0.9624 0.9865
y3 0.6236 0.1789 0.6271 0.1608

Case III: Symmetric location outliers in the identification data
y1 0.0613 0.0285 0.0615 0.0250
y2 0.9566 0.9831 0.9564 0.9865
y3 0.7393 0.2212 0.7432 0.1513

Case IV: Asymmetric location outliers in the identification data
y1 0.0642 0.0294 0.0644 0.0249
y2 0.9545 0.9823 0.9542 0.9860
y3 0.7834 0.2404 0.7838 0.1684

Figure 7. Prediction performance of the identified
CSTH models; identification dataset is conta-
minated with the scale outliers.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 8. Prediction performance of the identified
CSTH models; identification dataset is conta-
minated with the symmetric location outliers.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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formulated and solved under an iterative hierarchical Bayesian
optimization framework. The layered optimization scheme
allows us to obtain MAP estimates of model parameters with
an automated mechanism for determining the hyperparameters
and investigating the identity of each data point. The effec-
tiveness of the developed framework for robust identification
was demonstrated on the simulated and experimental datasets.
The layered optimization solution builds a unified framework
that ensures that the model identification process is not signifi-
cantly affected by outliers, which makes this method more ap-
plicable to the real world problems.
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Figure 9. Prediction performance of the identified
CSTH models; identification dataset is conta-
minated with the asymmetric location out-
liers.

[Color figure can be viewed in the online issue, which is
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